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We present a theoretical description of the effective nonlinear susceptibilities for second-harmonic genera-
tion sSHGd and third-harmonic generationsTHGd of compositionally graded films, in which one of the com-
ponents possesses nonvanishing second- and third-order nonlinear susceptibilities. We first resort to the non-
linear effective medium approximation to obtain the equivalentslocald second- and third-order nonlinear
susceptibilities in az slice. Then, the formulas for effective nonlinear SHG and THG susceptibilities of the
graded film are directly established, if we regard the graded film as the limit of a multilayer one. Numerical
results show that if the electric field is polarized perpendicular to the plane of layers, both effective SHG and
THG susceptibilities for graded profiles are larger than those for nongraded ones. Furthermore, for a given total
volume fractionp, the adjustment of compositional gradient results in a large enhancement of effective SHG
and THG especially in the high-frequency region. Therefore, the compositionally graded films can be served as
a noval candidate material for obtaining the optimal SHG and THG susceptibilities.
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There are practical needs for nonlinear optical composite
materials that possess large nonlinear susceptibilityf1,2g. A
typical system is composed of nonlinear granular inclusions
randomly embedded in the a linearsor nonlineard host. By
taking into account the local-field effect and the percolation
effect, a large enhancement of the effective Kerr nonlinearity
was found in multilayer structuresf3g, in uniaxial anisotropic
composites f4g, and in metal/dielectric composites with
shape distributionf5g. In addition to the Kerr nonlinearity,
there is much interest in the study of nonlinear optical sus-
ceptibilities for second-harmonic generationsSHGd and
third-harmonic generationsTHGd in composite mediaf6–9g.

Graded composite materials have attracted much attention
in various engineering applicationsf10g due to their novel
physical properties. More recently, we proposed a nonlinear
differential effective dipole approximationsNDEDAd and the
first-principles approachf11g to investigate the effective non-
linear optical properties of graded composites. Interestingly,
the dielectric gradient is found to be very useful for realizing
the large enhancement of both the optical nonlinearity and
figure of merit. Since the graded films can be fabricated more
easily than graded particles, Huang and Yu carried out theo-
retical calculations on the optical nonlinearity enhancement
in graded filmsf12g. Note that the gradation indicates the
radial inhomogeneity of the local physical parameters such
as the dielectric constant.

In contrast to graded composites with radial inhomogene-
ity, compositionally graded composites are a new generation
of engineered materials in which the geometric parameters
such as the composition or microstructure morphology
srather than the local physical parametersd are gradually var-
ied in one or more dimensionsf13g. In this Brief Report, we
would like to address the problem of studying the effective
SHG and THG susceptibilities of nonlinear spatially graded
films, in which one of the components possesses both qua-

dratic and third-order nonlinear susceptibilities. We shall
show that the presence of compositional gradation can in-
deed lead to the enhancement of effective SHG and THG
susceptibilities due to the nonuniform distribution of the lo-
cal field.

Let us consider metallic/dielectric functionally graded
films with the widthL along thez axis. The local volume
fraction pszd of the nonlinear metal component at the posi-
tion z varies only in thez direction, which is common for
spatially graded composites. The dielectric component is as-
sumed to be linear with the isotropic dielectric constante2

v,
while the metal component is nonlinear with the displace-
ment D and the electric fieldE relation of the formDi
=e1Ei +o jk dijkEjEk+o jkl xi jklEjEKEl, where i =x,y,z repre-
sent the Cartesian components, whilee1, dijk, andxi jkl are the
linear dielectric function, SHG susceptibility, and THG sus-
ceptibility of the metal component, respectively.

It is known that the effective nonlinear susceptibility for
general three-wave mixingsv;v1+v2d is given byf9g

de,i jk
sv1,v2d = kKil

v1+v2dlmn
sv1,v2dKjm

v1Kkn
v2l, s1d

where the local-field factorKil
v;Elsvd /E0,isvd gives thelth

Cartesian component of the linear electric field inside the
nonlinear metal component when the external fieldE0 is ap-
plied along theith direction at frequencyv. k¯l stands for
the spatial average of̄ . We mention that in the case of
v1=v2=v, de,i jk

sv,vd means effective SHG susceptibility. For
effective THG susceptibility, one yieldsf9g

xe,i jkl
sv,v,vd =KKim

3vH2dmnp
sv,2vdF sKrn

2v − I rnd
des2vd Gdrst

sv,vd

+ xmstp
sv,v,vdJKjs

vKkt
vKlp

vL , s2d

whereI is a unit matrix andde2v;e2v−ee
2v, with ee

2v being
the effective linear dielectric constant at the frequency 2v.
Equations2d includes the contributions to the effective THG*Electronic address: lgaophys@pub.sz.jsinfo.net
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susceptibility in two aspects. The first part is due to the in-
ducement of the second-harmonic susceptibility of the com-
ponent, and the second results from the intrinsic third-
harmonic susceptibility.

To investigate the effective SHG and THG susceptibilities
of the graded films, we first obtain the equivalentslocald
linear dielectric constantēvszd and nonlinear optical suscep-
tibilities for SHG, general three-wave mixing, and THG for
thez slice. For the equivalent linear dielectric constantēvszd,
we resort to the three-dimensional Bruggeman effective me-
dium approximationsEMAd f14g

pszd
e1

v − ēvszd
e1

v + 2ēvszd
+ f1 − pszdg

e2
v − ēvszd

e2
v + 2ēvszd

= 0. s3d

With an appropriate decoupling treatment, the equivalent
second-order nonlinear susceptibilities at eachz slice are
written as

d̄lmn
sv,2vd < pszddlmn

sv,2vd 3ē3vszd
e1

3v + 2ē3vszd
3ē2vszd

e1
2v + 2ē2vszd

3ēvszd
e1

v + 2ēvszd
,

s4d

d̄lmn
sv,vd < dlmn

sv,vd 3ē2vszd
e1

2v + 2ē2vszd
]ēvszd
]e1

v . s5d

For the equivalent THG susceptibility, we have

x̄mstp
sv,v,vd = F− 2dmnp

sv,2vddnst
sv,vd

e1
2v + 2ē2vszd

+ xmstp
sv,v,gadG

3
]ēvszd
]e1

v

3ē3vszd
e1

3v + 2ē3vszd
3ēvszd

e1
v + 2ēvszd

. s6d

Next, we investigate the effective linear dielectric con-

stant tensoree
J and effective nonlinear susceptibilities tensors

for SHG de
J v,v and for THG xe

J v,v,v. Actually, since the
equivalent SHG and THG susceptibilities have been ob-
tained, the problem reduces to one of multilayersf3g. In what
follows, for simplicity, we only assumediii and xiiii sl
=x,y,zd to be nonzero. For the compositionally graded film,

the nondiagonal components of the second-rank tensoree
J are

zero, while the diagonal components are given by
1

ee,zz
v =

1

L
E

0

L dz

ēvszd
, s7d

ee,xx
v = ee,yy

v =
1

L
E

0

L

ēvszddz. s8d

The effective nonlinear susceptibilities for SHG of the com-
positionally graded films are expressed as

de,xxx
sv,vd =

1

L
E

0

L

d̄xxx
sv,vd dz, s9d

de,zzz
sv,vd =

1

L
E

0

L

d̄zzz
sv,vd ee,zz

2v

ē2vszd
S ee,zz

v

ēvszd
D2

dz. s10d

Similarly, the effective nonlinear susceptibilities for THG of
the graded system have the form

xe,xxxx
sv,v,vd =

1

L
E

0

L

x̄xxxx
sv,v,vd dz, s11d

xe,zzzz
sv,v,vd =

1

L
E

0

L

dzS ee,zz
3v

ē3vszd
DS ee,zz

v

ēvszd
D3

3Fx̄zzzz
sv,v,vd −

2d̄zzz
sv,2vdd̄zzz

sv,vd

ē2vszd
G . s12d

In Fig. 1, we plot the effective linear dielectric constant,
nonlinear susceptibilities for SHGde,iii

sv,vd, and THGxe,iiii
sv,v,vd

si =x,zd against the total volume fractionp;fe0
Lpszddzg /L

for power-law profilepszd=azm. For the nongraded compo-
sitional profile—i.e.,m=0—the effective dielectric constant
ee is independent of the directions of the polarized light, and
hence we haveee,zz

v =ee,xx
v . However, for the graded profile,

with increasingm, ee,zz
v becomes small, whileee,xx is in-

creased. The reason is that forz- sor x-d polarized light, the
effective dielectric constantee,zz

v sor ee,xx
v d is dominated by the

slice possessing the smallestslargestd dielectric constant,
similar to the case for capacitors in seriessor in paralleld. To
one’s interest, forz-polarized light, we predict that all of the
effective nonlinear optical susceptibilities including the SHG
and THG due to both the inducement of the second-order
nonlinear susceptibility and the intrinsic third-order nonlin-
ear susceptibility are enhanced largely in the presence of the
compositional gradation. In addition, to enhance the effective
THG susceptibility, the contribution of the inducement of

FIG. 1. The linear dielectric constantee;ee,ii
v ; effective nonlin-

ear susceptibility for SHG,de;de,iii
sv,vd /diii

sv,vd; for induced THG,
xe,1;xe,iiii

sv,v,vd / fdii
sv,vddii

s2v,vdg; and for THG due to the intrinsic non-
linear susceptibilityxe,2;xe,iiii

sv,v,vd /xiiii
sv,v,vd for i =x and z compo-

nents as a function ofp with various compositional gradationsm.
Parameters are chosen to bee2

v /e1
v=10, e2

2v /e1
2v=5, ande2

3v /e1
3v

=3.
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second-order nonlinear susceptibility is prominent over the
intrinsic third-order nonlinear susceptibility. Therefore, one
should take into account both contributions simultaneously
when one aims at studying the effective THG susceptibility
of the composites. In contrast, forx-polarized light, the mag-
nitude of all effective nonlinear susceptibilities for composi-
tional gradation is less than those of a randomsnongradedd
film. Such a difference can be easily understood. As we
know the enhancement of effective nonlinear susceptibilities
results from the local field effects. Forz-polarized light, two
factors such as the compositional gradation and the random
mixing in each slice contribute to the local-field enhance-
ment, while the effective nonlinear susceptibilities for thex
component is determined only by the geometric average of
the equivalent nonlinear susceptibility. Therefore, in what
follows, we aim at the case where the electric field is polar-
ized perpendicular to the plane of the layers.

Then, we consider nonlinear metal and dielectric compo-
sitionally graded films. The metal component is assumed to
be a Drude like, whose linear dielectric constant admits the
form e1

v=1−vp
2/ fvsv+igdg where g is the relaxation rate,

andvp represents the plasma frequency.
Figure 2 displays the imaginary part of the effective linear

dielectric constant and the effective SHG and THG suscep-
tibilities against the normalized frequencyv /vp for small
and large total volume fractionsp=0.1 andp=0.5.

For small volume fractionp=0.1 ssee the left columnd, as
the electromagnetic interactions among individual grains
have been explicitly taken into account with the EMA for
each slice, there exists a broad surface plasmon resonance

band for Imsee,zz
v d. As m increases, the volume fraction of

metal particles for slices with smallz will be suppressed.
Consequently, the center of the surface plasmon resonant
band shifts to lower frequency with increasingm. Also, the
broadband arises for effective SHG and THG susceptibilities.
In addition, a sharp enhancement peak is observed near the
band edge. It is believed that within the framework of the
EMA, ee has a strong dispersion with a small imaginary part
just beyond the band edge, resulting in a sharp peak. Further-
more, as is evident from the results, these nonlinear suscep-
tibilities for the graded profile take on quite different behav-
ior from those for the nongraded one. Interestingly, when the
compositional gradation is considered, a large enhancement
of the effective nonlinear susceptibilities for SHG and THG
is evidently found in the high-frequency region near the
plasma frequencyvp as a result of the blueshift of resonant
band with increasingm. Therefore, the introduction of a
graded profile in the high-frequency region is helpful to
achieve appreciable SHG and THG signals.

For large volume fractionp=0.5 ssee the right columnd,
since it is larger than the percolation thresholdpc=1/3 of
metal components in random composite film without compo-
sitional gradientsi.e., m=0d. As a result, a Drude peak ap-
pears in addition to the surface plasmon resonance bands.
However, in the presence of gradation, the local volume frac-
tion pszd in the small-z slices will be less than 1/3, and thus
these slices will be insulating. Consequently, the graded film
will still be insulating, manifested by the absence of a Drude
peak around zero frequency form=0.2 andm=0.4. On the
other hand, we again predict that near the plasma frequency
vp, the enhancement of effective SHG and THG susceptibili-
ties with compositional gradation is larger than the one with-
out gradation. Therefore, for a given total volume fraction,
we can choose a suitable compositonal gradation as an alter-
native freedom for realizing the possible enhancement of ef-
fective SHG and THG susceptibilities.

In this work, we have investigated the effective second-
harmonic and third-harmonic nonlinear susceptibilities of
compositionally graded films. It is found that the presence of
compositional gradation is helpful to result in a large en-
hancement of the optical nonlinear susceptibilities especially
when the applied field is polarized perpendicular to the plane
of layers.

Our investigations are of interest because that in compo-
sitionally graded films, the local field in the nonlinear com-
ponent can be largely enhanced due to two factors: one is the
random mixing of metal component with the dielectric com-
ponent, and the other is the compositional gradation effect,
leading to the nonuniform-distributed local field in different
slices. Therefore, we expect that our work can stimulate the
experimentalists to check our theoretical predictions. On the
other hand, numerical simulations are now being carried out
to validate the present theoretical results.

This work was supported by the National Natural Science
Foundation of China under Grant No. 10204017 and the
Natural Science of Jiangsu Province under Grant No.
BK2002038.

FIG. 2. Imseed; Imfee,zz
v g, de;de,zzz

sv,vd /dzzz
sv,vd, xe,1;xe,zzzz

sv,v,vd /
fdzzz

sv,vddzzz
s2ga,vdg, and xe,2;xe,zzzz

sv,v,vd /xzzzz
sv,v,vd versusv /vp for p=0.1

sthe left columnd and p=0.5 sthe right columnd but with various
compositional gradations.
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